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see CalcChat.com for tutorial help and
worked-out solutions to odd-numbered exercises.

. Wallis’s Formulas

(a) Evaluate the integrals
1 1
f (1 —x?)dx and J (1 — x?)?dx.
—1 —1

(b) Use Wallis’s Formulas to prove that

1
22n+1(n!)2
— 2)n == 7
L(l =G )

for all positive integers n.
. Proof

(a) Evaluate the integrals

1 1
f Inxdx and J (In x)? dx.
0 0

(b) Prove that
1
j (Inx)"dx = (—=1)"n!
0

for all positive integers n.

. Finding a Value Find the value of the positive constant ¢
such that

+ X
lim <x c) =9
x—oo \X — C

. Finding a Value Find the value of the positive constant ¢
such that

lim <x — C)x =1
x—oo \x + ¢ 4

. Length  The line x = 1 is tangent to the unit circle at A. The
length of segment QA equals the length of the circular arc PA

(see figure). Show that the length of segment OR approaches 2
as P approaches A.
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Figure for 5 Figure for 6
. Finding a Limit The segment BD is the height of AOAB.
Let R be the ratio of the area of ADAB to that of the shaded
region formed by deleting AOAB from the circular sector
subtended by angle 0 (see figure). Find Gli%l R.
50+

7.

Area Consider the problem of finding the area of the region
bounded by the x-axis, the line x = 4, and the curve

x2

y = (2 + 9)3/2'

’dp (a) Use a graphing utility to graph the region and approximate

10.

?dP' 11.

its area.

(b) Use an appropriate trigonometric substitution to find the
exact area.

(c) Use the substitution x = 3 sinh u to find the exact area and
verify that you obtain the same answer as in part (b).

. Area Use the substitution u = tan (x/2) to find the area

of the shaded region under the graph of y = 2 + cosx for

0 < x < 7/2 (see figure).

Figure for 8 Figure for 9

. Arc Length Find the arc length of the graph of the function

y = In(1 — x2) on the interval 0 < x < %(see figure).

Centroid Find the centroid of the region above the x-axis
and bounded above by the curve y = e~<*’, where c is a
positive constant (see figure).

(Hint: Show thatf e dx = 1] e dx.)
0 C¢Jo

L

Finding Limits Use a graphing utility to estimate each
limit. Then calculate each limit using L’Hopital’s Rule. What
can you conclude about the form 0 - co?

1 1
(a) lim (cotx + 7> (b) lim (cotx - 7>
x—0" X x—0" X

(c) lim [(cotx + l>(c0tx - l)]
x—0" X X
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12.

13.

14.

15.

16.

Chapter 8

Inverse Function and Area
(a) Lety = f~'(x) be the inverse function of f. Use integration

by parts to derive the formula

J’f”(X)dx =xf"'(x) - ff(y) dy.
(b) Use the formula in part (a) to find the integral

f arcsin x dx.
(c) Use the formula in part (a) to find the area under the graph

ofy=1Inx, 1 < x < e (see figure).
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Figure for 12 Figure for 13
Area Factor the polynomial p(x) = x* + 1 and then find
the area under the graph of
y = ! 0=<x=1 (seefigure).

x4+ 1
Partial Fraction Decomposition Suppose the

denominator of a rational function can be factored into distinct
linear factors

D(x) = (x — Cl)(x - Cz) R C C,,)

for a positive integer n and distinct real numbers

€y, Cy, . . ., C,. If Nis a polynomial of degree less than n, show
that

No _ P, Py, P

Dx) x—¢ x—oq¢ x—c,

where P, = N(c;)/D’(c;) for k = 1,2, . . ., n. Note that this
is the partial fraction decomposition of N(x)/D(x).

Partial Fraction Decomposition Use the result of
Exercise 14 to find the partial fraction decomposition of

=32+ 1
x* — 13x2 + 12x

Evaluating an Integral

. T .
(a) Use the substitution u = — — x to evaluate the integral

2
/2 .
sin x
—————dx
o COsx + sinx

(b) Let n be a positive integer. Evaluate the integral

2 .

/ sin” x p
— =
o cos"x + sin"x

17.

18.

19.

20.

21.

22.

Integration Techniques, LHopital’s Rule, and Improper Integrals

Elementary Functions Some elementary functions,
such as f(x) = sin(x?), do not have antiderivatives that are
elementary functions. Joseph Liouville proved that

Jio
X

does not have an elementary antiderivative. Use this fact to
prove that

1
flnxdx

is not elementary.

Rocket The velocity v (in feet per second) of a rocket
whose initial mass (including fuel) is m is given by
m

, 1< —
m — rt r

v=gt+uln

where u is the expulsion speed of the fuel, r is the rate at which
the fuel is consumed, and g = — 32 feet per second per second
is the acceleration due to gravity. Find the position equation
for a rocket for which m = 50,000 pounds, u = 12,000 feet
per second, and r = 400 pounds per second. What is the height
of the rocket when r = 100 seconds? (Assume that the rocket
was fired from ground level and is moving straight upward.)

Proof Suppose that f(a) = f(b) = gla) = g(b) = 0 and the
second derivatives of f and g are continuous on the closed
interval [a, b]. Prove that

f F(0)g"(x) dx = f f(x)g(x) dx.

Proof Suppose that f(a) = f(b) =0 and the second
derivatives of f exist on the closed interval [a, b]. Prove that

f (v = a)lx — b)f () dx =2 f ') d

Approximating an Integral Using the inequality

1 1 1 2
WSS S0

[e]

for x = 2, approximate f dx.

5 —
) X 1

Volume Consider the shaded region between the graph of
y =sinx, where 0 < x < 7, and the line y = ¢, where
0 = ¢ =1 (see figure). A solid is formed by revolving the
region about the line y = c.

(a) For what value of ¢ does the solid have minimum volume?

(b) For what value of ¢ does the solid have maximum volume?

y
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